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In this paper, the possibility of suitable production is presented, and then a new method
is suggested taking into account the existence of some undesirable components in the outputs
and inputs of DMUs in the set.

1. Introduction

Data envelopment analysis (DEA) uses linear programming problems to evalu-
ate the relative efficiencies and inefficiencies of peer decision making units (DMUSs)
which produce multiple outputs and multiple inputs. Once DEA identifies the effi-
cient frontier, DEA improves the performance of inefficient DMUs by either increas-
ing the inputs that are not allowed or only outputs that are allowed to increase. If one
treats the undesirable outputs as inputs, the resulting DEA model does not reflect the
true production process. Fare et al.[1] developed a non-linear DEA program to model
the paper production system where the desirable outputs are increased and the unde-
sirable outputs are decreased. Situations when some inputs need to be increased to
improve the performance are also likely to occur. For example, in order to improve
the performance of a waste treatment process, the amount of waste (undesirable input)
to be treated should be increased rather than decreased as assumed in the standard
DEA model. The current paper develops an alternative approach to treat both desir-
able and undesirable factors differently in the standard linear BCC (DEA) model of
Banker et al. [2]. This preserves the linearity and convexity in the BCC model. The
key to our approach is the use of DEA classification invariance under which classifi-
cations of efficiencies and inefficiencies are invariant to the data transformation.

This paper is structured as follows: section 2 gives definitions of proportionate
PPS to undesirable inputs and outputs. The method for measuring efficiency with un-
desirable inputs and outputs is shown in section 3. An example with undesirable out-
puts, and then the conclusion will be given in Section 4 and finally, some concluding
remarks will follow in section 5.

2. Production Possibility Set

Suppose we have n observations on n DMUs with input and output vectors
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(x;,y)for j = 1, 2,., n. Let x,= (xml,...,me)Tand V; =y pg) . All
x;€R" and y, €R’ and x, >0, y, >0 forj =1, 2. n. The input matrix X and
output matrix ¥ can be represented as X =[x,,..,x,..,x, ] , ¥ =[y,..¥,,..,»,].
Where Xis a (m x n) matrix and Yis a (s X 72) matrix.
The production possibility set T is generally defined as :
T = {(x,y)| x can produce y} (D)

In DEA, the production possibility set under a Variable Return to Scale (VRS)
technology is constructed from the observed data (x ;»¥;) forj =1 2 .. nas fol-

lows:
T:%Lﬁ

In the absence of undesirable factors when DMU ,, o € {1,2,...,n}, is under

xZi%%J&i%%Jﬁw,f%:Lfﬂwﬂ} )
J=1 J=1 J=1

evaluation, we can use the following BCC model:

min &

st Ox,-XA>0
FAizy,, ©)
1"2=1,
A>0.

Corresponding to each output y, L(y) is defined as the following;:
L(y) =@y, eT} @
In fact, L(y J) is a function that y, portrays to a subset of inputs so that inputs
can produce ;.
Now, suppose that some inputs are undesirable so input matrix X can be repre-
sented as X=X X"), where X? = (xflj,...,x,’ilj),j =1..n and X" :(xfj,...,xf;y),

Jj=L..,n are (m, xn) and (m,xn) matrixes that represent desirable (good) and
undesirable (bad) inputs, respectively. And similarly, suppose that some outputs are
undesirable outputs. Matrix Y can be represented as Y = (V,¥°), where

Ye :(ylgj,...,ysglj),jzl,...,n and Yb:(yf’j,...yfj),jzlj...ﬂ are (s, xn) and (s, xn)
matrixes that represent desirable (good) and undesirable (bad) inputs, respectively.
Definition 1: DMU of (x7,x]',y%,y’) is dominated to DMU of

(xd,x, vE yE) af xf <xf x> xY,pf > yE and y’ <y’ the unequal is strict
at least in a component. So that:

87



d d

- X - X
x) X,
>
g g
2 )
b b
- -

Definition 2: DMU , is efficient if in T there is no DMU to be dominant over it.

We consider the properties of the Production Possibility Set as the following:
(1) T is convex.

(2) T is closed.

(3) The monotony property of desirable inputs and outputs. So that,

Yu eR:”l,vele,(xd,x“,yg,yb)ET = (xd +u,x",y —v,yb) el

This is not necessarily established for undesirable factors, because in this case,
T has no efficient DMU.
Now, the Production Possibility Set T satisfying (1) through (3) can be defined by

Tz{(xd,x”,yb,yg> ‘

n n n
d u u g g
X ij_:l/ljxj’x —jZ_}lﬂ,jx],y SJZ_:/ljyj,

=T, nxljzl,ﬂjzo,jzl,...,n}.

J=1 Jj=1
3. Undesirable Outputs in DEA
Suppose DMU, =(xZ,x!,y&,y?) is unit under evaluation, corresponding

to the input x, = (x7,x/) and using (2), p(x,x)) in defined as follows:

PG x={0 s yD|xlyE el ) (6)

Now, we consider the subset of p(x?,x]) as:
s x)={%,3"|Vae) 2 0,00) 2 0=(vF 115" ) e ped x| ()

That &% p(x j ,X o] ) includes all inputs of the efficient DMUs which can pro-
duce (5, 7;).

For efficiency in output oriented; we must increase y* and decrease yi’ for mov-
ing our DMU to efficiency frontier of 8* p(x¢,x ) and hence we want to:
NE" @,.3,) =sup{B |y, + fd € p(x,))
Where d = (d?,d") is our direction to move our DMU to frontier and

d® e R;S'l ,d € R"™ are increased desirable outputs and decreased undesirable out-
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puts.

In this paper, we want to increase desirable outputs radial to efficiency frontier
and hence: d® = y% and decrease undesirable outputs radial to efficiency frontier,
and hence (d' =-y7).

The model to evaluate the efficiency of DMU; with the most decrease of
¢ and the most increase of y’ is as follows:

B, =Max B,

D AYE-sT=yEi+pds
Jj=1

SNayi=yl+pd.
IE

®)
24 =1
Jj=1
A, 20 for dl j=1,..n
Theorem 1: The evaluated DMUo in model (8) is efficient if and only if:
D p, =1

2) All slacks are zero for all optimal solutions.

Theorem 2: If ( ,B*,s+*) is optimal solution of model (8), then
o+ Bdf+s vl + fd))ed p(xl,x])

4. Numerical example

Consider five DMUs with one desirable input, one undesirable output and one
desirable output.

Regarding Table 1 and Figure 1, it can be seen that DMUs A, B, and C are effi-
cient and they are onthe 0°L(p§). On the other hand, efficiency of other DMUs has
been examined through their image on 0°L(y§). (Efficient Frontiers)

Similar discussion can be presented for the output oriented
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DMUs  x¢ yE ¥ 1-p

A 1 4 1 1
B 1 5 2 1
C 1 5 4 1
D 1 4 5 0.25
E 1 3 3 0.5

Tablel. The inputs and outputs for 5 DMUs.
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Figure 1. The graph of the L (1)

5. Conclusion
Throughout this paper, a new model is defined for the evaluation of efficiency where
some inputs and outputs may be undesirable. Also, this model assures that the DMUs

under evaluation will be compared with a corresponding unit of 0°L(y5).
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DEA-mn EFFEKTiV QiYMOTIN ARZUOLUNMAZ
CIXISLARLA MUBYYSN EDILMoSi

S.EBADI, Q.R.CAHANSAHLU,
A.9.MONZELI, F.OLIYEV

XULASO
Moqalada uygun istehsalin miamkunlityi géstorilir, sonra iso girigde va ¢ixigda bazi 61-

¢t komponentlarin varlig1 nazars alinmagqla yeni tisul toklif edilir.

OITPEAEJIEHUE 5PPEKTHBHOI'O 3HAUEHHA
JAEA C HEXXEJIATEJIHHBIMH BBIXOJJAMH

C.3BAJN, I'.P. JUKAX AHITTAXJLY,
A.AMOH3EJIH, ®.AJIUEB
PE3IOME

B cTaTbe 1okasbiBaeTcss BO3MOKHOCTD COOTBCTCTBYIOII.[Hﬁ TIpH3BOACTBA, a [IOTOM IIp€a-
JIaraeTcsi HOBbIH METOJ] C IIOMOII[bI0O KOMITOHEHTOB HEKOTOPLIX MEP IIPH BXOJE€ H BbIXOAEC

JIMIL
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